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Abstract In this work, a sixth-order coupled Ramani equation is investigated. The
simplified form of the Hirota’s method is used for analytic treatment of this equation.
The constraint condition between coefficients of the spatial and the temporal vari-
ables is treated. Multiple soliton solutions and multiple singular soliton solutions are
formally derived for this model.
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1 Introduction

In [1-8], the sixth-order nonlinear Ramani equation, that reads

Uyxxxxx + 15UxUxxy + 15Uxxlyry + 45uiuxx — 5(Uxxxt
+3uxtis + 3utiyy) — Suy = 0. (D

was investigated for integrability, Lax pair, Backlund transformation. In [2], the
method of truncated singular expansion was used to derive Lax pair and Bécklund
self-transformation for Eq. (1). In [4], Lax pairs and Bécklund transformations were
used to handle (1).
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However, a specific case of a coupled Ramani equation given by

Uyxxxxx + 15Uxtiyxxx + 15uyxtixry + 45“%”/” — S(Uxxxt
+3uyuty + 3usuyy) — Suy + 18wy, =0, (2)

Wy — Wyxx — 3Wxly — 3Wltyy = 0. 3)

was investigated in [4—8] using different approaches.
Recently, a coupled Ramani equation of the form [1-8]

3
Upxxxxx + 15Uxxlyxrx + 15uxx — Sttxxxr — 1Suxittyy — Sty

+18(py — 3wyv + 3wvy) =0, )
Pt — Pxxx — 3Uxx Px + 3WexVy — 3wyvy =0, (5)
U — Uxxx — 3y =0, (6)
Wy — Wyxx — 3uxywy =0, (N

was investigated by using Backlund transformation and Lax pair of this coupled equa-
tion.
In a new coupled Ramani equation was proposed in the form [1-8]

— _ -5 — 55Ul — —-10
Ut — Uxxxxxt — 5 UxtUxxx UxUxxxt U Uxt ?Mxxxxut UxxUxxt

3
10 10

—10u uyy u; — ?vux, — ?vxu, =0,
1
Uy — 5 (Uxxxr + Buxxus +3uyuy) = 0. ()

Bilinear equations for Eq. (8) were given by using a dependent variable transformation
for u and v. Moreover, the Lax pair of (8) were given by

25 10
Yrxxxxx + Sux Wxxx + 10Uy Yy + (?uxxx + 51/62( + ?v) Yix

10 10
+ (?uxxxx + 10uyuyy + ?Ux) Yy +ury — puy =0,

10

10
Y —Vexxxx —SUx Yxxx — Stxx Yxx — (?Mxxx + 514)26 + ?U) Yy = 0. )

Explicit soliton solutions were not derived in [4], instead it was reported that such
solutions can be obtained. However, in [5], the method of dynamical systems was
used to derive travelling wave solutions.

We aim in this work to formally derive the multi-kink solutions and the multi-soliton
solutions for # and v of the modified coupled Ramani equation (8) to show its complete
integrability that was confirmed in [4]. The simplified form of Hirota’s method [9-21]
will be used to achieve this goal. The simplified Hirots’s method does not depend on
the construction of the bilinear forms, instead it assumes the multi-soliton solutions
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can be expressed as polynomials of exponential functions [11]. The multiple regular
soliton solutions and multiple singular soliton solutions for (8) will be derived using
this simplified method.

Conducting polymers, in the polymer chemistry, have received considerable
research work because of their unique features. It is to be noted that solitons appear
in many chemical applications such as electrically conducting polyenes, Polarons,
bipolarons,and bolitons in conducting polymers as examined in [22,23]. In [23], the
solitons, polarons and excitations in polyacetylene were examined. Polarons and bipo-
larons are studied as soliton—antisoliton pairs. At low doping levels, charged solitons
are formed either directly from existing neutral solitons or as the result of recombi-
nation among polarons [22,23]. The solitons in radiation chemistry was thoroughly
examined in [24,25]. In summary, it is noted that many of the solitons, both topological
and non-topological can be used to describe vector polarons. This confirms the fact
that solitons, and multi-solitons are heavily used in chemical applications.

2 A modified coupled Ramani equation

In this section we will study a new form of a coupled Ramani equation given by

25

Ut — Uxxxxxt — ?”xtuxxx — SuyxUyyxyr — Suiuxt - ?”xxxx”t — 10wy ttyys
10 10
— 10wty yu; — ?vux, — ?vxu, =0,
1
Ur — 5 (Wxxxr + Suxxuty + 3uyuy) =0. (10)

2.1 Multiple-soliton solutions
We first introduce an auxiliary variable z and set the new dependent variables

ux,z,t) = RIn(f(x,z, 1)y,

fz)
v(x,z,t) = (— . (11
/s
Using the assumption
u(x’ Z l‘) — ek,-x-i—r,-z—w,-t’ (12)

into the linear terms of (10) gives the dispersion relation by
wi = —k3. (13)
This in turn gives the following phase variable

0 =kix +riz+ Kk, i=1,2,3. (14)
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Combining (11)—(14) and substituting the outcome in (10) results in a constraint con-
dition that solitons are guaranteed only if we set

=k, i=12,3. (15)

The multi soliton solutions of (10) are assumed above in (11), where the auxiliary
function f(x, z, t), for the single soliton solution, is given by

FOz, 1) =14 et =1 4 ehxthizin, a16)
Substituting (16) into (10) and solving for R we find
k=2 (17)

This in turn the single kink and the single soliton solutions

2klek1x+k%z+k?t
ux,z,t) = ———————,
( ) | 4 ekixtkiztkir
K4 okixHki
v(x,z,t) =
t ! 18)

(1 + ek1x+kfz+k15t)2’

respectively, are readily obtained. Figure 1 below shows the single kink solution for
u(x, z, t) and the one soliton solution for v(x, z, t).
For the two soliton solutions we set the auxiliary function by

3 5 3 5 3 3 5 5
F 2 0) = 1 4 fFHRTHRE L JortBatkt o (k) v (e )

19)

Fig. 1 a One-kink solution with =5 <7 < 5, —10 < x < 10, b one-soliton solution with =5 <t <
5, -10<x <10
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Substituting (19) in (10), and proceeding as before we obtain the phase shift aj by

K —kjka — kik3 + kS
KO+ k3ko + kiks + &S

an (20)

and hence we set

o K — Kk — kik3 + kS
RS+ Kk A+ ki + K

l<i<j<3. @21)

The two kink solutions for u(x, z, ) and the two soliton solutions for v(x, z, t) are
obtained by substituting (20) and (19) into (11).

It is interesting to point out that the coupled Ramani equation (10) does not show
any resonant phenomenon because the phase shift term a7 in (20) cannot be 0 or co
for [ki| # [ka|.

Figure 2 below shows the two-kink solution for u(x, z, ¢) and the two-soliton solu-
tion for v(x, z, t).

For the three soliton solutions, we set the auxiliary function by

3 5 3 5 3 5
f(x, z, t) =1 +ek1x+klz+k1t +ek2x+k2z+k2t +€k3x+k3z+k3t

+ap ok k)20 +h) 2+ (k] +k3)1

(ky+h3)x+ (k3 +k3) 2+ (k] +k)t (ko +k3)x+(k3+k3) 2+ (k3 +k3)¢

+ajze + axze
3 3 3 5 5 5
+b123€(kl ++k2k3)x+(k1 +k2 +k3 )Z+(k1 +k2 +k3 )t . (22)

Fig. 2 a Two-kink solution with =5 <t < 5, —10 < x < 10, b two-soliton solution with =5 <t <
5, -10<x <10
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—0.4

(a)

Fig. 3 a Three-kink solution with —0.5 < ¢t < 0.5,—10 < x < 10, b three-soliton solution with
—2<t<2,-10<x<10

Proceeding as before, we find

b123 = apazsays. (23)

The three kink solutions for u(x, z, t) and the three soliton solutions for v(x, z, t)
are obtained by substituting (22) into (10). It was stated before, the integrability of
the coupled Ramani equation (10) was formally proved in [4]. The results obtained
above confirm that the new coupled Ramani equation (10) is completely integrable
and N -soliton solutions can be obtained for finite N, where N > 1,

Figure 3 below shows the three-kink solution for u(x, z, t) and the three-soliton
solution for v(x, z, t).

2.2 Multiple singular-soliton solutions

To determine one-soliton, two soliton and three-soliton solutions we set the auxiliary
functions in the forms

3 5
f(x, ) =1-— ek1x+k12+klt (24)
(k1 +hko)x+(k3 +53) 2+ (K3 +h3)t

(25)

34K5 3,415
fx,z,t)=1- ehixtkizthit _ ghoxtkazthkar 4 g o

and

3,045 3,005 3,005
fx,z,)=1— ek1x+klz+klt _ ek2x+kzz+kzt _ ek3x+k3z+k3t

Fappefr k)t U+ +)e

(ky +k3)x + (k3 +53) 24 (k3 +,3)1 (ko +k3)x+ (k3 +k3) 2+ (k3 +k3)1

+aize + axe
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—apajzaye® Hkaka ) (kf k3 +h3) 2+ +k3+HRD1 (26)

respectively. We follow the same analysis presented above, hence we skip details.
Using (11), the following one-singular kink and the one-soliton solutions are given by

2k]ek1x+kl3z+k]5t
ulx,z,t) = ———————,
( ) 1 — chix+kiz+kit
k4 ekix izt
v(x,z,1) = ——1L (27)

(1 _ ek1x+k?z+k‘?t)2 ’

respectively. Multiple singular solutions can be obtained in a like manner.

3 Discussion

A new integrable coupled Ramani equation was investigated. The simplified form of
the Hirota’s bilinear method was applied to conduct the analysis set for this work.
Multiple soliton solutions and multiple singular soliton solutions were obtained. The
resonance relation does not exist for this coupled Ramani equation.

It is to be noted that solitons are used in conducting polymers in the polymer chem-
istry. Solitons appear in many chemical applications such as electrically conducting
polyenes, Polarons, bipolarons,and bolitons in conducting polymers as examined in
[22,23]. This confirms the fact that solitons, and multi-solitons are heavily used in
chemical applications.
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